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A system of quasi-linear hyperbolic conservation laws which is hyperbolic but 
not strictly hyperbolic is studied. The system was derived as a model for the elastic 
string (B. Keyfitz and Kranzer, Arch. Rational Mech. Anal. 72 (1980), 210-241) and 
is assumed to be diagonizable. Interest is mainly in the large time behavior of the 
solution. Due to the nonlinearity of the system and the entropy condition, solutions 
converge to very simple elementary waves. Nonstrict hyperbolicity of the system 
may cause stronger nonlinear interactions between waves pertaining to different 
families; in particular, such interactions may regularize linear waves in the solution. 
The solutions are constructed using the random choice method. 0 1985 Academic 
Press, Inc. 
1. INTRODUCTION 
Consider a system of quasi-linear hyperbolic conservation laws 
au m4=o 
Bt+- ax ' 
where U = U(x, t) is an n-vector, x the space variable and t the time 
variable. One of the interesting nonlinear features of the theory of conser- 
vation laws is that solutions attain very simple asymptotic states as t tends 
* The responsibility for the wording and views expressed in this descriptive summary lies 
with MRC, and not with the authors of this report. 
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to infinity. The system is strictly hyperbolic if Q(u)/& has real and distinct 
eigenvalues A,(u) < A,(u) < ... <A,(u) for each state U. For such a system, 
the solution of the initial value problem (1.1) and 
U(x, 0) = U,(x) (1.2) 
tends to elementary waves as t tends to infinity [9, lo]. These waves are 
found by solving the Riemann problems ( 1.1) and 
U(x,O)= U,(-co) for x CO, 
= U,(+oo) for x > 0. 
(1.3) 
In particular, when the initial data (1.2) have a compact support then 
the solution tends to the zero state, [4, 2, 91. This is so because waves 
combine and cancel as a consequence of the nonlinearity of the system and 
the entropy condition. The striking asymptotic behavior of the solution can 
be understood easily for scalar conservation law [ 1, 8, 111. 
When the system is nonstrictly hyperbolic, that is, A.;(u) may equal 3Lj(u), 
i # j, for some states u, then waves pertaining to different characteristic 
families may not separate as time evolves. When this happens, nonlinear 
interactions of these waves may alter the asymptotic state. In this paper we 
study this problem for a system of two conservation laws whose Riemann 
problem has been studied in [S]. The system is derived from a model for 
an elastic string. One of the characteristic speeds is linearly degenerate and 
the other genuinely nonlinear in the sense of [6]. We show that when the 
linear wave and the nonlinear wave in the solution of (1.1) and (1.3) are 
separated in the (x, t)-plane, then the asymptotic behavior of the solution 
of (1.1) and (1.2) is the same as that of a strictly hyperbolic system. In this 
case the asymptotic state consists of a traveling wave and a shock or 
rarefaction wave; cf. [lo]. On the other hand, when the linear wave in the 
solution of ( 1.1) and (1.3) is contained in the nonlinear wave then the 
corresponding traveling wave becomes substantially more regular than 
general traveling waves. This is so because of the strong interaction of the 
linear and nonlinear waves. It would be interesting to investigate the 
problem for more general systems, where the interaction of nonlinear 
waves of different families occurs. For this further studies are necessary. 
2. EQUATIONS AND THE RIEMANN PROBLEM 
The following two conservation laws are derives from a model of elastic 
strings, [ 53 : 
NONSTRICTLY HYPERBOLIC SYSTEM OF CONSERVATION LAWS 
where q5 = qS(u, II). Let (r, 0) be the polar coordinates, 
r2 = u2 + v2, tan 8 = vJu, 
and write 4 = &r, fl). The characteristic speeds are 
A=#, 
2 =~+r!t=a(r~) 
2 ar aY’ 
(2.1) 
(2.2 1 
Thus (2.1) is not strictly hyperbolic on C = { (r, 0): @/ar = 0 ) = {(r, 0): 
2, = A,}. The following assumptions on q5 are consistent with physical con- 
siderations: 
(A), q4(r,d)+co as r-0 or r-co, 
W2 dry 0) > 0, 
(A) 3 a(+)> 0 - 2 ar 
a2(r4V>, 
-F’ 
(A), q5( ., 0) is convex for each fixed 8. 
Assumptions (A), and (A)4 imply that q4 = C, C any constant, is a simple 
closed curve. Also 1~ { (r, 0): @/ar = 0 > is a simple closed curve. 
Assumption (A)4 implies that i1 > 1, inside C and 2, < 1, outside C. The 
first characteristic speed 1, is always linearly degenerate in the sense of [6]. 
Assumption (A)3 implies that 1, is genuinely nonlinear. The right eigenvec- 
tors ri, i= 1, 2, corresponding to Ai are characterized by 
V#.r, =O, 
Vz. r2 = 0. 
Along the curve C, where A1 = &, the system is diagonizable when 
(A)5 -= 0 on C. ae 
In the elastic model it is reasonable to a assume that q5 is a function of r 
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only. In this case the above assumptions (A), We are satisfied for 
general convex 4 with appropriate growth rate at r = 0 and I = co. 
To avoid the extreme case where two points on the string make contact, 
we will only deal with states in the following region: 
A = {U: r(U) 3 ro, lO(u)I <(Jo} 
for a fixed r. > 0 and 0 < 8, < x/2. The Riemann problem can be solved by 
similar methods as those for strictly hyperbolic systems. We have three 
kinds of elementary waves. A state U is connected to U. on the left by a 
l-wave, which is always a contact discontinuity, if UE T( U,): 
T(Uo)= WW)=4(~0)1. 
( Uo, U) forms a 2-shock wave (2-rarefaction wave) if UE S,( U,) 
(UER2(Uo)): 
S2(Uo)= {u: f3U)=e(Uo), r(U)<r(Uo)}, 
R,(Uo)= {U:O(U)=8(U,),r(U)>,r(U,)}. 
The speed of a 2-shock wave (U,, U,) is 
o(Uo, u1)=rl+r2+ 
rl -r2 
To solve the Riemann problem one needs to know how the speed of a 
2-wave is related to that of a l-wave. Depending on the relative position of 
the waves in the solution of the Riemann problem (U,, U,) we have the 
following cases: 
(I) U, and U, are both outside C and c$( U,) B q5( U,). 
The solution consists of a l-wave (U,, U,) followed by a 2-rarefaction 
wave (U,,,, U,). The state U,,, is characterized by #(Urn) = #(U,) and 
0( U,) = I?( U,) and is outside C. 
(II) U, and U, are both inside C and q5( U,) > +b( U,). 
The solution consists of a 2-rarefaction wave ( UI, U,) followed by a 
l-wave (U,, U,). The state U, is inside C satisfying 0( U,) = t9( U,) and 
4(U,) = 4(U,). 
(III) U, is inside C and U, is outside x. 
The solution consists of a 2-rarefaction wave (U,, U,) a l-wave 
(U,, U,) and a 2-rarefaction wave (U,, 17,). U, and U, are both on C 
satisfying e( U,) = e( U,) and 0( U,) = O( U,). 
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The above three cases deal with solutions containing 2-rarefaction waves. 
The following two cases deal with solutions containing a 2-shock wave. 
Thus U, is assumed to be “closer” to the origin than U,. Let U, and U, be 
defined by: 
#(Urn) =i(U,h @Urn) = e(U,), 
d(U,) =d(U,), e(u?J = @U&J. 
The remaining two cases are: 
(IV) d(U,)~4(UJ 
The solution consists of a l-wave (U,, U,) followed by a 2-shock wave 
(U,, U,). It is clear that a( U,, U,) 3 d( U,) which is the speed of ( UI, Cl,). 
(V) #(U,) < i(U*). 
The solution consists of a 2-shock wave (U,, U,) followed by a l-wave 
(UPif> UJ 
3. EXISTENCE OF THE SOLUTION 
The Glimm scheme, [3], for strictly hyperbolic systems can also be used 
to construct solutions for general hyperbolic systems. Choose a random 
sequence (ak)pz,, - 1 < ok < 1, equidistributed in ( - 1, 1) and mesh length 
Ax = h, At = s, h/s = constant satisfying the Courant-Friedrichs-Lewy con- 
dition: 
s>m;x l4(U)l (C-F-L) 
for all U under consideration. The a$proximate solution U,(x, t) G 
UJx, t; {uk}) is a step function of x for each fixed t = ks, k = 0, 1, 2,..., with 
possible discontinuities at x =jh, j + k = even. By resolving these discon- 
tinuities (see Section 2) U,(x, t) is defined for t E (ks, (k + 1) s). Elementary 
waves issued from x = jr, j + k = even, do not interact before t = (k + 1) s 
due to the (C-F-L) condition, At t = (k + 1) s, U,(x, t) is not a step 
function and the random sequence {&}km, , is used to approximate it by a 
step function: 
U,(x, (k + 1) s + 0) 
-U,,((j+a,)h,(k+l)s-O),(j-l)h<x<(j+l)h,j+k 
= odd. 
This defines inductively the approximate solution U,(x, t) for all t. 
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The convergence of the approximate solution { U,(x, t)} as h tends to 
zero, is proved in two steps: First, one shows that U,,(x, t) has bounded 
variation in x for each fixed t. This implies by diagonal process that 
( UL(x, t)} converges trongly in L,(x) for any rational t. To prove the con- 
vergence for all t, one needs the Lipschitz continuity of L,(x) in t. This 
follows from the estimate on the total variation in x of U, and that UJx, t) 
has a finite speed of propagation. For this the system has only to be hyper- 
bolic, not necessarily strictly hyperbolic. Thus for the existence of the 
solution one need only to estimate the total variation in x of the 
approximate solution U,(x, t). It is convenient to introduce a new coor- 
dinate (F, 0) as follows: For any U in the region n let 0 be the unique state 
on the same side of C with d(U) = d( 0) and 0( 0) = 0. We set 
i(U) = r( 0). 
It follows from the assumptions (A),-(A), of Section 2 that the transfor- 
mation (?, 0) t) (u, u) is nonsingular for U = (u, u) in a bounded region of 
A. Note that a l-wave takes values along ?= constant and a 2-wave takes 
values along 8 = constant. The strength of a l-wave is defined by the jump 
of 8 across the wave; and the strength of a 2-wave by the jump of V across 
it. The following lemmas follow directly from the recipe for solving the 
Riemann problem presented in the last section. We omit details. 
LEMMA 1. Suppose that the initial data U(x, 0) stay in a bounded region 
0~ U:O<r,<r(U)6r,<co, \0(U)l <OO<i 
{ I 
. 
Then any approximate solution UJx, t) also stay in Q for any (x, t). 
LEMMA 2. Suppose that Ut, U,, U, are three states in 52, then the total 
strength of waves in the Riemann problem (U,, U,) is no larger than the sum 
of the total strength of waves in the Riemann problem (U,, U,) and the total 
strength of waves in the Riemann problem (U,, U,). 
Lemma 1 shows that there are bounded invariant regions for the 
solution and so in particular the (C-F-L) condition can easily be satisfied. 
Lemma 2 shows that nonlinear interactions do not cause an increase in the 
strength of waves. This is sufficient to obtain the desired estimate on the 
variation in x of the approximate solution UJx, t), (cf. [3]). Thus we have 
the following existence theorem. 
THEOREM. Suppose that assumptions (A), - (A)5 hold and the initial data 
U(x,O) stay in a bounded region Qz {U:O<r,<J(U)<r,<oO, l&U)1 < 
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t10 -=c 42) and have bounded variation locally in x. Then the initial value 
problem for (2.1) has a global solution U(x, t) which stays in Q and has 
bounded variation locally in x. 
4. ASYMPTOTIC BEHAVIOR OF THE SOLUTION 
In this section we assume that cp = cp(r). The advantage of this 
assumption is the weaker coupling of the system (2.1) and so the behavior 
of 2-waves can be studied independently. Across a l-wave, the value of r is 
unchanged. A 2-rarefaction wave has speed (rq5), and a 2-shock wave 
(U,, U,) has speed 
g(U,, .l)=rl-+ 
rl -r0 
Moreover, across a 2-wave 0 is constant. Therefore the behavior of r, and 
hence the behavior of 2-waves, can be described by the scalar conservation 
law 
ar a(r#(r)) = o 
at+- ax ' (4.1) 
A l-wave propagates with speed 4 and so l-waves are described by 
(4.2) 
The identities (4.1) and (4.2) can be derived from the system (2.1) directly. 
For instance, multiplying the first equation of (2.1) by u and the second 
equation by v and summing them up, one obtains (4.1). This procedure is 
justified for smooth solutions (u, v). However, in general when an equation 
is derived from a system of conservation laws through nonlinear transfor- 
mations, the derived equation may not be a consequence of these conser- 
vation laws in the weak sense. In the present situation the procedure is 
justified because the jump condition and entropy condition for (4.1) and 
(4.2) are consistent with those for (2.1). Our strategy is to study the 
behavior of 2-waves using (4.1) and, having obtained the behavior of r, use 
(4.2) to study the behavior of l-waves. 
From now on we assume that the initial data satisfy 
U(x, 0) = u, 
= u, 
for x < -S/2 
for x> S/2. 
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for some constant states U, and U,. We denote by D(x, t) the solution of 
the corresponding Riemann problem (2.1) with 
0(x, 0) = U[ for x<O, 
= u, for x > 0. 
The behavior of 2-waves is described by (4.1) with 
r(x, 0) = I, for x < -S/2 
= ra for x> S/2. 
There two cases [8]: 
(4.3) 
(4.3)’ 
Case 1. rl>rr. 
There exists T> 0 such that for t > T, the solution r(x, t) of (4.1) and 
(4.3)’ is a shock wave (r,, r$): 
r(x, t) = r, for x-xx,<at 
=r e for x-xx,>at’ 
t2 T, 
a ~ r&r,) - w&) 
rr-rl ’ 
rr + ri - - r(x, 0) 
2 1 dx. 
Cay 2. r, -c rz. 
The solution r(x, t) tends to a generalized N-wave defined as follows: 
Nx, t) = Nx, t; P, 4; r/, rJ 
= r, for x6A2(rl) t-&?$Z$J7-Zl(t) 
= rr for x>&(r,) t+JiJ$Yj7zZ,(t) 
= 40 otherwise; < = x/t, 
m p=min I r o. Crbs 0) - r/l dy, qsmax x s Cr(y, 0) - r,l &. x x 
More precisely, there exist Lipschitz continuous curves x = xI( t) and x,(t) 
through (-s/2,0) and (s/2,0), respectively, with the following properties: 
0) Ix,(t) - x,(t)1 + Ix,(t) - %(t)l = o(S). 
(ii) Ir(x, t)-N(x, t)l =O(l)t-’ for (x, t) between x,(t) and x,(t) 
and also between Z,(t) and X,(t). 
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(iii) Ir(x, t) -N(x, t)l = O(1) t-l’* either (x, t) lies between x,(t) and 
Z,(t) or between x,(t) and x,(t). 
(iv) r(x, t) = r, for x<x,(t) 
= rt for x > x,(t). 
We now use the above known results to study the behavior of l-waves. 
When waves of different families in the solution of the Riemann problem 
(2.1) and (4.3) are separated, the asymptotic behavior of the solution 
U(x, t) of (2.1) and (2.2) is similar to that of solutions of a strictly hyper- 
bolic system. In this case l-waves tend to a traveling wave. We illustrate 
this by investigating Case (V) of Section 2 (Fig. 4.1). Thus we have 
4(r)) < $(r,). From (4.2) characteristic urves for l-waves are given by: 
$ = 4(4x, ?)I. 
Through (-S/2,0) and (S/2,0), respectively, we draw two characteristics 
X, and X2 for (4.2). We know from the above discussion of 2-waves, 
(Case l), that r(x, 1) is a shock wave for t > T. The speed of the shock 
wave is cr which is less than qb(r,) because $(r,)<qb(rb). Consequently the 
l-characteristic X, lies to the right of the shock wave after time T,, T, 
finite. After time T, there exists no l-wave either to the left of Xi or to the 
right of X2, and, between X, and X,, 0 is constant along dx/dt =q+(r,) 
according to (4.2). Thus after time T,, l-waves become a traveling wave 
between X, and X2 and with speed &r,) (Fig. 4.2). The value of 8 to the 
left of X, is 8, and to the right of X2 is 9,. 
The situation is more complicated when waves of different families do 
not separate. We exemplify this by investigating Case III in Section 2. In 
this case, the solution of the Riemann problem ( UI, 17,) is a contact discon- 
tinuity (U,, U,) sandwiched by two 2-rarefaction waves (U,, U,,,) and 
( U,, U,) (Fig. 4.3). The states U, and U, are on x and so A,( 17,) = 
l,(U,) = A,( U,) = A2(Un) (Fig. 4.4). We consider the case U,# U, and 
“Y “, 
FIGURE 4.1 
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FIGURE 4.2 
U, # U,. Note that 1, attains an absolute minimum on 2 and so the 
characteristic curve for (4.2) always has speed larger than or equal to 
4(r,) = qS(r,). Suppose that Z(x) E j; [r,(y) - r,] dy attains a minimum at 
x=x0. Then the characteristic line through (x0, 0) for (4.1) exists for all 
t 2 0, [7]. In this case the characteristic curve through (x0, 0) for (4.2) 
coincides with that for (4.1). In fact only such characteristic urves for (4.2) 
may travel with the minimal speed b(r,) for all t 2 0. Thus when Z(x) takes 
minima at x = IX’ and x = IX” and not for any x E (cI’, a”), then all charac- 
teristic curves through (x, 0), ~1’ <x < LX”, tend to the characteristic line 
x = a” + d(r,) r and so 
lim 0(x+&r,) t, 1)=0(a’+O,O) for x E (a’, a”). (4.4) r-02 
It is clear that 
m(r,) E x0: Z(x) = I,‘ [ro(x) - r,] dx attains minimum at x=x0} 
is a closed set. A minimum point x0 of Z(x) can also be described as a point 
for which ro(xo - 0) f r,,, < ro(x + 0), ro(xo - 0) # ro(xo + 0), or r(x) is 
FIGURE 4.3 
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FIGURE 4.4 
increasing at x0 and equals to r, at x = x0. Denote by x, and xw, respec- 
tively, the smallest and largest numbers in m(r,). The set Z(r,) E 
CXm xM] - m(r,) is an open set. We have just described the asymptotic 
behavior of 13(x, t) for x=x0 + #(r,) t, x0 in a component of I(r,J. When 
m(r,) contains an interval we have 
r(xt) = r, for #(r,)t+a<x<#(r,)f+b, 
W, t) = 0(x - dr,) t, 0) for #(r,) t+a<x<cj(r,) t+b 
(4.5) 
For x <x, + $(r,) t, all characteristic urves for (4.2) tend to the charac- 
teristic line through (x,, 0). Since 0(x, 0) = Br for x < -S/2 we have 
lim 6(x + qS(r,) t, t) = e1 for x<x,. (4.6) r-m 
We have seen that the initial values of 6 restricted to (- co, xM) may not 
be carried to t = 00 and the asymptotic shape of 8(x; t), x- q+(r,) 
t E ( - 00, x,), is in general a step function. On the other hand, the initial 
data 0(x, 0), x > xM, are in general carried to t = 0~) and the asymptotic 
behavior of 0(x, t), x - q5(r,) t E (xM, co), is a traveling wave taking values 
{0(x, 0), x > xMM). We now show that this traveling wave has a finite width. 
For this, we draw a l-characteristic x through (S/2,0) and estimate the 
asymptotic location and speed of x. Since r(x, t) tends to a generalized 
N-wave and all 2-shock waves, except the one issued from S/2, decay at the 
rate l/t, we will carry out the analysis by supposing that r(x, t) is a cen- 
tered rarefaction wave. This is done for simplicity; the general case can be 
dealt with similarly. Thus it follows from the structure of centered rarefac- 
tion wave that when r=ro at {t=t,}nX and r=r,-dr at 
{t=t,+dt}nXthen 
[A,(r) - I,(r - dr)] tz [A,(r)- A,(r)] At. 
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This yields an ordinary differential equation for the value of r along x: 
d&(r(t)) 
dt = -C&(r(t))- ~,(r(t))llt. (4.7) 
Note that A*(r) > l,(r) for r in the region under consideration, i.e., r > r,,,. 
Thus the above identity implies that 
r(t) + r, as t-m. 
The rate of this convergence is determined as follows: Consider 
d<(t) -= -5(tW, 
dt (4.8) 
t(t)sr(t)-r,. 
It is clear that 
W)=W)f as t-+co. 
Note that as r(t) tends to r, 
lJ2(r(t)) - n2(rm)l - b-(t) - rmL 
I&(r(t)) - h(r,)l- b-(t) - r,l*, 
and so r(t) and t(t) have the same qualitative behavior. We thus have: 
Ir(t)--r,l =Wl)f, 
I&(t) - &(r,)l = o(l) +. 
(4.9) 
This implies that x tends to a straight line x - q5(r,) t = constant at the rate 
l/t. In particular 0(x, t), x > xM + &r,,,) t tends to a traveling wave of finite 
width. Note that the speed of X is always larger than #(r,) and so the dis- 
tance between {(x, t): x=x,+ #(r,) t} and x is an increasing function of 
time. Consequently, except for the exceptional case where xM = S/2, the 
asymptotic distance of these two curves is finite and positive. This com- 
pletes the description of the asymptotic state of 0(x, t), In Fig. 4.5 we 
depict a typical behavior of the l-characteristic curves (in dotted lines) 
when m(r,) = {x,, [a, b], a’ = b, a” =x,+,}. 
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FIGURE 4.5 
In the above arguments we have assumed that 0(x, t) is constant along 
the 2-characteristics dx/dt = qS(r(x, t)) and that 2-characteristics are defined 
for all t 2 0. This is so because across a 2-shock wave 8 is unchanged and 
the l-characteristic speeds 4 on both sides of the shock are either greater or 
less than the shock speed. 
The above arguments can be applied to treat other cases in Section 2. 
We briefly state the asymptotic results in the following theorem. 
THEOREM 4.1. Suppose that cp is a function of r and hypothesis (A);, 
i = 1, 2,..., 5, hold and the initial data U(x, 0) equals U, for x c -S/2 and U, 
for x > S/2. Then the asymptotic behavior of the solution of (2.1) is as 
folIows: 
(i) The behavior of 2-waves is described by (4.1). Thus 2-waves tend 
to a single 2-shock wave when r, > rl and to a generalized N-wave when 
r,< r,. 
(ii) When l-waves and 2-waves in the solution of the Riemann 
problem (Ur, U,) for (2.1) are separated, l-waves tend to a traveling wave of 
finite width in finite time. The traveling wave assumes all the values of 
0(x, 0). The same also holds when the 2-wave in the solution of (U,, U,) is a 
shock wave. 
(iii) When the 2-wave in the solution of (U,, U,) is a rarefaction wave 
which contacts the l-wave in (U,, U,), l-waves tend to a traveling wave as t 
tends to infinity. The traveling wave is a combination of a step function and a 
general traveling wave. Moreover, the traveling wave does not assume all the 
initial values 0(x, 0) and is described by (4.4), (4.5) and (4.6). 
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